In this paper, we show the existence of a complete scalar-flat Kähler metric on a certain affine algebraic manifold. To show this, we assume that some polarized manifold has a smooth hypersurface with a constant positive scalar curvature Kähler metric.
Introduction
A fundamental problem in Kähler geometry is the existence of constant scalar curvature Kähler (cscK) metrics on complex manifolds. If a complex manifold is noncompact, there are many positive results in this problem. In 1979, Calabi [7] showed the existence of the complete Ricci-flat Kähler metric on the total space of the canonical line bundle over the Fano manifold with a Kähler Einstein metric. In addition, there exist following generalizations of Calabi's result [7] . In 1990, Bando-Kobayashi [5] showed the existence of the complete Ricci-flat Kähler metric on the complement of the Kähler Einstein Fano hypersurface. In 1991, Tian-Yau [19] showed the existence of the complete Ricci-flat Kähler metric on the complement of the Calabi-Yau hypersurface. On the other hand, as a scalar curvature version of Calabi's result [7] , in 2002, Hwang-Singer [12] showed the existence of the complete scalar-flat Kähler metric on the total space of some line bundle over the compact complex manifold with a constant nonnegative scalar curvature Kähler metric. However, the similar generalization of Hwang-Singer [12] which is like Bando-Kobayashi [5] or Tian-Yau [19] is unknown since there is a difficulty of the solvability of the 4-th order nonlinear partial differential equation on the complex manifold. In this paper, we will solve it and show the existence of a complete scalar-flat Kähler metric on certain affine algebraic manifolds by using results in [1] and [2] under the assumption of the existence of the cscK smooth hypersurface. More precisely, we generalize the result due to Hwang-Singer [12] which is like Bando-Kobayashi [5] .
Let (X, L X ) be a polarized manifold of dimension n, i.e., X is an n-dimensional compact complex manifold with an ample line bundle L X over X. Consider a smooth hypersurface D ⊂ X with D ∈ |L X |.
Set an ample line bundle L
From the ampleness of L X , there exists a Hermitian metric h X on L X which defines a Kähler metric θ X on X. Assume that the restriction of h X to L D defines also a Kähler metric θ D on D. LetŜ D be an average of scalar curvature S(θ D ) of θ D ;
where K −1 D is the anti-canonical line bundle over D. Note thatŜ D is a topological invariant. In this paper, we assume that
Let σ D ∈ H 0 (X, L X ) be a defining section of D and set t := log ||σ D || −2 . Following [5] , we can define a complete Kähler metric ω 0 by ω 0 := n(n − 1)
on the noncompact complex manifold X \ D. In addition, since (X \ D, ω 0 ) is of asymptotically conical geometry (see [5] or Section 4 of [1]), we can define weighted Banach spaces C k,α δ = C k,α δ (X \ D) for k ∈ Z ≥0 , α ∈ (0, 1) and with a weight δ ∈ R with respect to the geodesic distance function r from some fixed point. From the construction of ω 0 , we can easily know that S(ω 0 ) = O(r −2 ) near D. From [1] , the cscK condition gives Theorem 1.1. Assume that the Kähler metric θ D is a constant positive scalar curvature Kähler metric on D, i.e., S(θ D ) =Ŝ > 0.
Thus, the cscK condition implies that S(ω 0 ) ∈ C k,α δ for some δ > 2. To construct a complete scalar-flat Kähler metric on X \ D, the linearization of scalar curvatures plays an important role: [1] , if 4 < δ < 2n and there is no nonzero holomorphic vector field on X which vanishes on D, we know that D * ω 0 D ω 0 : C 4,α δ−4 → C 0,α δ is isomorphic. For such operators, we consider the following: Condition 1.2. Assume that n ≥ 3 and there is no nonzero holomorphic vector field on X which vanishes on D. For 4 < δ < 2n, the C 1,α 2 -norm of the scalar curvature ||S(ω 0 )|| C 1,α 2 is sufficiently small so that the operator
is isomorphic, i.e., we can find a constantK > 0 such that
for any φ ∈ C 4,α δ−4 . In addition, we consider
Here, c 0 is a positive constant defined in [1, Lemma 6.2]. Then, we have the following result [1] : Theorem 1.4. Assume that n ≥ 3 and there is no nonzero holomorphic vector field on X which vanishes on D. Assume that θ D is a constant scalar curvature Kähler metric satisfying 0 <Ŝ D < n(n − 1).
If Condition 1.2 and Condition 1.3 hold, then X \ D admits a complete scalar-flat Kähler metric.
Theorem 1.4 is an application of the fixed point theorem on the weighted Banach space C 4,α δ−4 (X \ D) by following Arezzo-Pacard [3] , [4] (see also [18] ). The problem is that constants which arise in Condition 1.2 and Condition 1.3 depend on the background metric ω 0 . In addition, to construct such a Kähler metric, we have to find a complete Kähler metric X \ D whose scalar curvature is arbitrarily small. For this, we use the degenerate (meromorphic) complex Monge-Ampère equation.
Take positive integers l > n and m such that the line bundle [20, Theorem 7] , we know that the following degenerate complex Monge-Ampère equation is solvable:
Moreover, from a priori estimate due to Ko lodziej [13] , we know that the solution ϕ above is bounded on X. Thus, we can apply the gluing technique of plurisubharmonic functions by using the regularized maximum function. To compute the scalar curvature of the glued metric, we need to study behaviors of higher order derivatives of the solution ϕ [2, Theorem 1.1]. So, we will give explicit estimates of them near the intersection D ∩ F :
Then, there exists a positive integer a(n) depending only on the dimension n such that
By applying Theorem 1.5 and the gluing technique of plurisubharmonic functions, we have the following result [2, Theorem 1.2]: Theorem 1.6. Assume that there exist positive integers l > n and m such that
Then, for any relatively compact domain Y ⊂⊂ X \ (D ∪ F ), there exists a complete Kähler metric ω F on X \ D whose scalar curvature S(ω F ) = 0 on Y and is arbitrarily small on the complement of Y . In addition,
For example, if the anti-canonical line bundle K −1 X of the compact complex manifold X is nef (in particular, X is Fano), the assumption (1.2) in Theorem 1.6 holds, i.e., we can always find such integers l, m. In this paper, we assume the positivity of K −1 X in senses of (1.1) and (1.2). From Theorem 1.4, we know that if there exists a complete Kähler metric which defines the asymptotically conicalness on X \ D with a sufficiently small scalar curvature decays on a higher order, X \ D admits a complete scalar-flat Kähler metric. In fact, Theorem 1.6 gives a Kähler metric whose scalar curvature is completely under control. The difficulty is that the Kähler metric ω F in Theorem 1.6 is not of asymptotically conical geometry (near the intersection of D and F ).
To solve this problem, we consider taking an average over some closed set in the complete linear system |K −l X ⊗ L m X |. Then, the asymptotically conicalness is recovered and the following theorem is the first result in this paper. Then, there exists a complete Kähler metric ω on X \ D satisfies following properties:
• ω is equivalent to ω 0 , i.e., there is a constant C > 0 such that
• The scalar curvature S(ω) is arbitrarily small and decays just like S(ω 0 ) near D.
Remark 1.8. Immediately, (X \ D, ω) is of asymptotically conical geometry. Moreover, if θ D is a cscK metric, S(ω) decays on a higher order D from Theorem 1.1.
The Kähler metric ω constructed above gives the following main result in this paper: Theorem 1.9. Assume following conditions:
• n ≥ 5 and there is no nonzero holomorphic vector field on X which vanishes on D.
• θ D is cscK on D with the following condition:
• There are positive integers l > n and m such that the line bundle K −l X ⊗ L m X is very ample and a(n)m 2l <Ŝ D n(n − 1) .
Then, X \ D admits a complete scalar-flat Kähler metric. In other word, we can solve the following PDE
for a weight 8 < δ < min{2n, 2 + 2n(n − 1)/Ŝ D }.
Assumptions in Theorem 1.9 come from the Laplacian ∆ ω between suitable Banach spaces. More precisely, to show Theorem 1.9, we need the isomorphic Laplacian between higher weighted Banach spaces (see [5] and [1] ).
The organization of this paper is following. In Section 2, we will prove Theorem 1.7. Namely, we recover the asymptotically conicalness by constructing an average metric. In Section 3, we show the existence of a complete scalar-flat Kähler metric.
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2 Asymptotically conicalness and the scalar curvature of the average metric
In this section, we prove Theorem 1.7. The construction of the complete Kähler metric ω c,v,η whose scalar curvature is arbitrarily small on X \ D is in Section 2 and Section 4 of [2] . After this, we assume that D + F is simple normal crossing for F ∈ |K −l X ⊗ L m X |. Write ω F = ω c,v,η . Take two holomorphic sections σ 0 , σ 1 ∈ H 0 (K −l X ⊗L m X ), where σ 1 is sufficiently close to σ 0 . For s ∈ [0, 1], let F s be a smooth hypersurface defined by a holomorphic section σ s := (1 − s)σ 0 + sσ 1 = σ 0 + s(σ 1 − σ 0 ). We may assume that D F 0 F 1 = ∅. Consider the following average metric
where (c, v, η) is a parameter in the definition of ω F in Theorem 1.6 (see [2] ). Recall that η = (η 1 , η 2 , η 3 ) and η 1 , η 2 = O(c), η 3 = O(1). To prove Theorem 1.7, it is enough to show the following lemma:
For the Kähler metric ω defined above, we have
Proof. The region where (X \D, ω Fs ) is not of asymptotically conical geometry is included by the other region defined by the following inequality
up to some bounded constants. Here, b s := log ||σ s || −2 . So, it is enough to consider the inequality
Take a point p ∈ X \ D near D. For instance, assume that σ 0 (p) = 0 and σ 1 (p) = 0. Then, a real number s ∈ [0, 1] satisfying the inequality above has to satisfy
The general case that σ s (p) = 0 for s ∈ [0, 1] can be applied the same way above. By the definition of ω, we obtain
near D.
Proof of Theorem 1.7. Immediately, Lemma 2.1 implies that the complete Kähler manifold (X \ D, ω) is of asymptotically conical geometry. Recall that the scalar curvature S(ω F 0 ) can be arbitrarily small from [2] . So, if the difference σ 1 − σ 0 is sufficiently small, S(ω) is sufficiently close to S(ω F 0 ). Therefore, we can conclude that S(ω) can also be made arbitrarily small. In addition, from the linearization of scalar curvatures, the scalar curvature S(ω) decays just like S(ω 0 ).
near D (see [1] ).
Proof of Theorem 1.9
After this, all weighted Banach spaces C k,α δ = C k,α δ (X \ D) are defined by the fixed Kähler metric ω 0 . To show Theorem 1.9, we assume that 0 < 3Ŝ D < n(n − 1) and we choose a weight δ so that
In addition, we may assume that the integer a(n) in Theorem 1.6 satisfies
To construct a complete scalar-flat Kähler metric on X \ D, the following theorem is the core of this paper: 
holds for a Kähler metric ω (see [18] ) and √ −1∂∂(t + ϕ) is a Ricci-flat Kähler metric on X \ D. Recall that the C 2 -estimate of √ −1∂∂(t + ϕ) due to Pǎun [16] tells us that
From the hypothesis (3.1), we have 2m/l × n(n − 1)/Ŝ D − (δ − 4) < 2/a(n) + 4 − δ < 0.
So, the maximal principle implies that ∆ √ −1∂∂(t+ϕ) φ = g i,j φ i,j = 0. Second, the maximal principle again implies that φ = 0. This is contradiction and uniform boundedness principle implies that the inverse operator D * ω D −1 ω has an uniform bound.
The next problem is that Condition 1.2 and Condition 1.3 hold with respect to ω. This problem can be solved by the following:
Then, for the weight δ above, we can take suitable parameters c, v, η, σ 1 so that the weight norm of S(ω) is small arbitrarily. In particular, the operator norm of −(∇ 1,0 * , ∇ 0,1 S(ω)) ω = L ω + D * ω D ω can be made small arbitrarily so that L ω : C 4,α δ−4 → C 0,α δ is isomorphic. Moreover, we can find a constantK > 0 such that
for any φ ∈ C 4,α δ−4 by taking suitable parameters c, v, η, σ 1 . Proof. First, from the construction of ω, weight norms of S(ω) away from the support of the divisor D + F 0 + F 1 can be made small arbitrarily by taking σ 1 sufficiently close to σ 0 .
Second, we study S(ω) near the intersection F 0 F 1 . From the construction of ω F 0 (more precisely, the definition of the Kähler metric √ −1∂∂G β v (βb 0 )), the norm of S(ω) of weight δ near the intersection F 0 ∩ F 1 can be made small arbitrarily by taking σ 1 sufficiently close to σ 0 and v > 0 sufficiently close to 0.
Third, we study S(ω) near D. Recall the construction of the complete Kähler metric ω F 0 . The bounded region where plurisubharmonic functions Θ(t), t + ϕ + c are glued is defined by following inequalities [2] :
In addition, ω F 0 is written as
From [2] , recall that η 1 + η 3 = O(c). So, the inequality
and Lemma 2.10 in [2] imply the following equivalence between complete Kähler metrics:
. Take a trace with respect to the background metric ω 0 :
∆ ω 0 ψ = tr ω 0 ω − n = O(exp(−||σ D || −2α )).
The equivalence above and the same way in [5] tell us that for any weight ǫ ∈ (8, min{2n, 2+ 2n(n − 1)/Ŝ D }), the construction in [2] gives the following inequality
for some constant C > 0 depending only on ǫ. Here ρ is the barrier function defined in [1] (see [5] ). Thus, the maximum principle tells us that there is a following C 0 ǫ−4 -estimate of ψ:
and the term Q ω 0 (ψ) can be written as
for some s ∈ [0, 1] (see [18] or [1] ). Choose ǫ > δ. In this case, we can consider that c ≤ Θ(t) ≈ r 2 . Choose c > 0 so that
Then, the equality (3.2) and the interior Schauder estimate
imply that the weight norm of scalar curvature is estimated by c (δ−ǫ)/4 . From the previous discussion, we can easily make L ω isomorphic, so we have finished the proof.
We need the following modified lemma (see [1] ): Then, for δ > 8, there exists c 0 > 0 independent of ω such that if ||φ|| C 4,α δ−4 (X\D) ≤ c 0 , we have
and
Proof. The proof of this lemma is similar to the proof of [1] . For ψ ∈ C 4,α δ−4 , the following inequality holds:
In addition, we easily have the following equation:
is positive. It is enough to study the region where M c,v,η = t + ϕ + c (see [2] ). The C 2 -estimate of the degenerate complex Monge-Ampère equation tells us that
From [2] , since we have already known the explicit C 2,ǫ -estimate of the solution of the degenerate complex Monge-Ampère equation, we can estimate the C 0,α -norm of coefficients g i,j , g i,j φ . The hypothesis a(n)m 2l <Ŝ D n(n − 1)
implies that 4 + 3 × 2m/l × n(n − 1)/Ŝ D − (δ − 4) < 8 + 12/a(n) − δ < 0. Thus, we have the desired result.
Remark 3.4. The reason why we replace the hypothesis for weights of Banach spaces in the above lemma comes from the C 2 -estimate of the solution of the degenerate complex Monge-Ampère equation due to Pǎun [16] . From this, the positivity of ω φ holds.
ConstantsK and c 0 arise above are uniform for suitable parameters c, v, η and σ 1 . Therefore, Proposition 3.2 concludes that the following inequality for φ ∈ C 4,α δ−4 by following Arezzo-Pacard [3] , [4] (see also [18] ). Lemma 3.3 implies that N is the contraction map on the neighborhood of the origin of C 4,α δ−4 for a suitable weight δ above. The following Proposition implies the existence of a complete scalar-flat Kähler metric. From the previous lemma, we obtain the following (see [1] ):
By the hypothesis and direct computation, we have
Thus, N (φ) ∈ U.
Proof of Theorem 1.9. From the discussion above, there is a unique φ ∞ := lim i→∞ N i (φ) for any φ ∈ U ⊂ C 4,α δ−4 satisfying φ ∞ = N (φ ∞ ) under the hypothesis in Theorem 1.9. Therefore, ω + √ −1∂∂φ ∞ is a complete scalar-flat Kähler metric on X \ D.
